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1 Introduction

The recent view about TGD (for a summary see the articles [1, 2, 3]) leads to
some conjectures about Riemann Zeta [1].

a) Non-trivial zeros should be algebraic numbers.
b) The building blocks in the product decomposition of ζ should be algebraic

numbers for non-trivial zeros of zeta.
b) The values of zeta for their combinations with positive imaginary part

with positive integer coefficients should be algebraic numbers.
These conjectures are motivated by the findings that Riemann Zeta seems

to be associated with critical systems and by the fact that non-trivial zeros of
zeta are analogous to complex conformal weights. The necessity to make such
a strong conjectures, in particular conjecture c), is an unsatisfactory feature of
the theory and one could ask how to modify this picture. Also a clear physical
interpretation of Riemann zeta is lacking.
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2 Local zeta functions and Weil conjectures

Riemann Zeta is not the only zeta [5, 4]. There is entire zoo of zeta functions
and the natural question is whether some other zeta sharing the basic properties
of Riemann zeta having zeros at critical line could be more appropriate in TGD
framework.

a) The so called local zeta functions analogous to the factors ζp(s) = 1/(1−
p−s) of Riemann Zeta can be used to code algebraic data about say numbers
about solutions of algebraic equations reduced to finite fields. The local zeta
functions appearing in Weil’s conjectures [6] associated with finite fields G(p, k)
and thus to single prime. The extensions G(p, nk) of this finite field are con-
sidered. These local zeta functions code the number for the points of algebraic
variety for given value of n. Weil’s conjectures also state that if X is a mod
p reduction of non-singular complex projective variety then the degree for the
polynomial multiplying the product ζ(s)×ζ(s−1) equals to Betti number. Betti
number is 2 times genus in 2-D case.

It has been proven that the zetas of Weil are associated with single prime
p, they satisfy functional equation, their zeros are at critical lines, and rather
remarkably, they are rational functions of p−s. For instance, for elliptic curves
zeros are at critical line [6].

The general form for the local zeta is ζ(s) = exp(G(s)), where G =
∑

gnp−ns,
gn = Nn/n, codes for the numbers Nn of points of algebraic variety for nth ex-
tension of finite field F with nk elements assuming that F has k = pr elements.
This transformation resembles the relationship Z = exp(F ) between partition
function and free energy Z = exp(F ) in thermodynamics.

The exponential form is motivated by the possibility to factorize the zeta
function into a product of zeta functions. Note also that in the situation when
Nn approaches constant N∞, the division of Nn by n gives essentially 1/(1 −
N∞p−s) and one obtains the factor of Riemann Zeta at a shifted argument
s − logp(N∞). The local zeta associated with Riemann Zeta corresponds to
Nn = 1.

3 Local zeta functions and TGD

The local zetas are associated with single prime p, they satisfy functional equa-
tion, their zeros lie at the critical lines, and they are rational functions of p−s.
These features are highly desirable from the TGD point of view.

3.1 Why local zeta functions are natural in TGD frame-
work?

In TGD framework modified Dirac equation assigns to a partonic 2-surface a
p-adic prime p and inverse of the zeta defines local conformal weight [1]. The
intersection of the real and corresponding p-adic parton 2-surface is the set
containing the points that one is interested in. Hence local zeta sharing the
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basic properties of Riemann zeta is highly desirable and natural. In particular,
if the local zeta is a rational function then the inverse images of rational points
of the geodesic sphere are algebraic numbers. Of course, one might consider a
stronger constraint that the inverse image is rational. Note that one must still
require that p−s as well as s are algebraic numbers for the zeros of the local
zeta (conditions a) and b) listed in the beginning) if one wants the number
theoretical universality.

Since the modified Dirac operator assigns to a given partonic 2-surface a
p-adic prime p [1], one can ask whether the inverse ζ−1

p (z) of some kind of local
zeta directly coding data about partonic 2-surface could define the generalized
eigenvalues of the modified Dirac operator and radial super-canonical conformal
weights so that the conjectures about Riemann Zeta would not be needed at all.

The eigenvalues of the modified Dirac operator [1] would in a holographic
manner code for information about partonic 2-surface. This kind of algebraic
geometric data are absolutely relevant for TGD since U-matrix and probably
also S-matrix must be formulated in terms of the data related to the intersection
of real and partonic 2-surfaces (number theoretic braids) obeying same algebraic
equations and consisting of algebraic points in the appropriate algebraic exten-
sion of p-adic numbers. Note that the hierarchy of algebraic extensions of p-adic
number fields would give rise to a hierarchy of zetas so that the algebraic exten-
sion used would directly reflect itself in the eigenvalue spectrum of the modified
Dirac operator and super-canonical conformal weights. This is highly desirable
but not achieved if one uses Riemann Zeta.

One must of course leave open the possibility that for real-real transitions the
inverse of the zeta defined as a product of the local zetas (very much analogous
to Riemann Zeta) defines the conformal weights. This kind of picture would
conform with the idea about real physics as a kind of adele formed from p-adic
physics.

3.2 Finite field hierarchy is not natural in TGD context

That local zeta functions are assigned with a hierarchy of finite field extensions
do not look natural in TGD context. The reason is that these extensions are
regarded as abstract extensions of G(p, k) as opposed to a large number of
algebraic extensions isomorphic with finite fields as abstract number fields and
induced from the extensions of p-adic number fields. Sub-field property is clearly
highly relevant in TGD framework just as the sub-manifold property is crucial
for geometrizing also other interactions than gravitation in TGD framework.

The O(pn) hierarchy for the p-adic cutoffs would naturally replace the hi-
erarchy of finite fields. This hierarchy is quite different from the hierarchy of
finite fields since one expects that the number of solutions becomes constant at
the limit of large n and also at the limit of large p so that powers in the func-
tion G coding for the numbers of solutions of algebraic equations as function of
n should not increase but approach constant N∞. The possibility to factorize
exp(G) to a product exp(G0)exp(G∞) would mean a reduction to a product of
a rational function and factor(s) ζp(s) = 1/(1− p−s1) associated with Riemann
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Zeta with argument s shifted to s1 = s− logp(N∞).

3.3 What data local zetas could code?

The next question is what data the local zeta functions could code.
a) It is not at clear whether it is useful to code global data such as the

numbers of points of partonic 2-surface modulo pn. The notion of number
theoretic braid occurring in the proposed approach to S-matrix [1] suggests
that the zeta at an algebraic point z of the geodesic sphere S2 of CP2 or of
light-cone boundary should code purely local data such as the numbers Nn of
points which project to z as function of p-adic cutoff pn. In the generic case
this number would be finite for non-vacuum extremals with 2-D S2 projection.
The nth coefficient gn = Nn/n of the function Gp would code the number Nn

of these points in the approximation O(pn+1) = 0 for the algebraic equations
defining the p-adic counterpart of the partonic 2-surface.

b) In a region of partonic 2-surface where the numbers Nn of these points
remain constant, ζ(s) would have constant functional form and therefore the
information in this discrete set of algebraic points would allow to deduce deduce
information about the numbers Nn. Both the algebraic points and generalized
eigenvalues would carry the algebraic information.

c) A rather fascinating self referentiality would result: the generalized eigen
values of the modified Dirac operator expressible in terms of inverse of zeta
would code data for a sequence of approximations for the p-adic variant of the
partonic 2-surface. This would be natural since second quantized induced spinor
fields are correlates for logical thought in TGD inspired theory of consciousness.
Even more, the data would be given at points ζ(s), s a rational value of a super-
canonical conformal weight or a value of generalized eigenvalue of modified Dirac
operator (which is essentially function s = ζ−1

p (z) at geodesic sphere of CP2 or
of light-cone boundary).

4 Galois groups, Jones inclusions, and infinite
primes

Langlands program [8, 9] is an attempt to unify mathematics using the idea that
all zeta functions and corresponding theta functions could emerge as automor-
phic functions giving rise to finite-dimensional representations for Galois groups
(Galois group is defined as a group of automorphisms of the extension of field
F leaving invariant the elements of F ). The basic example corresponds to ra-
tionals and their extensions. Finite fields G(p, k) and their extensions G(p, nk)
represents another example. The largest extension of rationals corresponds to
algebraic numbers (algebraically closed set). Although this non-Abelian group
is huge and does not exist in the usual sense of the word its finite-dimensional
representations in groups GL(n, Z) make sense.

For instance, Edward Witten is working with the idea that geometric variant
of Langlands duality could correspond to the dualities discovered in string model
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framework and be understood in terms of topological version of four-dimensional
N = 4 super-symmetric YM theory [10]. In particular, Witten assigns surface
operators to the 2-D surfaces of 4-D space-time. This brings unavoidably in
mind partonic 2-surfaces and TGD as N = 4 super-conformal almost topological
QFT.

This observation stimulates some ideas about the role of zeta functions in
TGD if one takes the vision about physics as a generalized number theory
seriously.

4.1 Galois groups, Jones inclusions, and quantum mea-
surement theory

The Galois representations appearing in Langlands program could have a con-
crete physical/cognitive meaning.

a) The Galois groups associated with the extensions of rationals have a nat-
ural action on partonic 2-surfaces represented by algebraic equations. Their
action would reduce to permutations of roots of the polynomial equations defin-
ing the points with a fixed projection to the above mentioned geodesic sphere
S2 of CP2 or δM4

+. This makes possible to define modes of induced spinor fields
transforming under representations of Galois groups. Galois groups would also
have a natural action on configuration space-spinor fields. One can also speak
about configuration space spinors invariant under Galois group.

b) Galois groups could be assigned to Jones inclusions having an interpreta-
tion in terms of a finite measurement resolution in the sense that the discrete
group defining the inclusion leaves invariant the operators generating excitations
which are not detectable.

c) The physical interpretation of the finite resolution represented by Galois
group would be based on the analogy with particle physics. The field extension
K/F implies that the primes (more precisely, prime ideals) of F decompose
into products of primes (prime ideals) of K. Physically this corresponds to
the decomposition of particle into more elementary constituents, say hadrons
into quarks in the improved resolution implied by the extension F → K. The
interpretation in terms of cognitive resolution would be that the primes associ-
ated with the higher extensions of rationals are not cognizable: in other words,
the observed states are singlets under corresponding Galois groups: one has
algebraic/cognitive counterpart of color confinement.

d) For instance, the system labelled by an ordinary p-adic prime could de-
compose to a system which is a composite of Gaussian primes. Interestingly, the
biologically highly interesting p-adic length scale range 10 nm-5 µm contains as
many as four Gaussian Mersennes (Mk = (1 + i)k − 1, k = 151, 157, 163, 167),
which suggests that the emergence of living matter means an improved cognitive
resolution.
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4.2 Galois groups and infinite primes

The notion of infinite prime suggests a manner to realize the modular functions
as representations of Galois groups. Infinite primes might also provide a new
perspective to the concrete realization of Langlands program.

a) The discrete Galois groups associated with various extensions of rationals
and involved with modular functions which are in one-one correspondence with
zeta functions via Mellin transform defined as

∑
xnn−s →

∑
xnzn [7]. Various

Galois groups would have a natural action in the space of infinite primes having
interpretation as Fock states and more general bound states of an arithmetic
quantum field theory.

b) The number theoretic anatomy of space-time points due to the possibil-
ity to define infinite number of number theoretically non-equivalent real units
using infinite rationals [2] allows the imbedding space points themselves to code
holographically various things. Galois groups would have a natural action in
the space of real units and thus on the number theoretical anatomy of a point
of imbedding space.

c) Since the repeated second quantization of the super-symmetric arithmetic
quantum field theory defined by infinite primes gives rise to a huge space of
quantum states, the conjecture that the number theoretic anatomy of imbedding
space point allows to represent configuration space (the world of classical worlds
associated with the light-cone of a given point of H) and configuration space
spinor fields emerges naturally [2].

d) Since Galois groups G are associated with inclusions of number fields to
their extensions, this inclusion could correspond at quantum level to a gener-
alized Jones inclusion N ⊂ M such that G acts as automorphisms of M and
leaves invariant the elements of N . This might be possible if one allows the
replacement of complex numbers as coefficient fields of hyper-finite factors of
type II1 with various algebraic extensions of rationals. Quantum measurement
theory with a finite measurement resolution defined by Jones inclusion N ⊂M
[1] could thus have also a purely number theoretic meaning provided it is possi-
ble to define a non-trivial action of various Galois groups on configuration space
spinor fields via the imbedding of the configuration space spinors to the space of
infinite integers and rationals (analogous to the imbedding of space-time surface
to imbedding space).

This picture allows to develop rather fascinating ideas about mathematical
structures and their relationship to physical world. For instance, the functional
form of a map between two sets the points of the domain and target rather than
only its value could be coded in a holographic manner by using the number the-
oretic anatomy of the points. Modular functions giving rise to generalized zeta
functions would emerge in especially natural manner in this framework. Config-
uration space spinor fields would allow a physical realization of the holographic
representations of various maps as quantum states.
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