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1 Introduction

The notion of gerbes has gained much attention during last years in theo-
retical physics and there is an abundant gerbe-related literature in hep-th
archives. Personally I learned about gerbes from the excellent article of
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Jouko Mickelson [1] (Jouko was my opponent in PhD dissertation for more
than two decades ago: so the time flows!).

I have already applied the notion of bundle gerbe in TGD framework
[TGD, padTGD, cbookI, cbookII] in the construction of the Dirac deter-
minant which I have proposed to define the Kähler function for the con-
figuration space of 3-surfaces [A2]. The insights provided by the general
results about bundle gerbes discussed in [1] led, not only to a justification
for the hypothesis that Dirac determinant exists for the modified Dirac ac-
tion, but also to an elegant solution of the conceptual problems related to
the construction of Dirac determinant in the presence of chiral symmetry.
Furthermore, on basis of the special properties of the modified Dirac opera-
tor there are good reasons to hope that the determinant exists even without
zeta function regularization. The construction also leads to the conclusion
that the space-time sheets serving as causal determinants must be geodesic
sub-manifolds (presumably light like boundary components or ”elementary
particle horizons”). Quantum gravitational holography is realized since the
exponent of Kähler function is expressible as a Dirac determinant deter-
mined by the local data at causal determinants and there would be no need
to find absolute minima of Kähler action explicitly.

In the sequel the emergence of 2-gerbes at the space-time level in TGD
framework is discussed and shown to lead to a geometric interpretation of
the somewhat mysterious cocycle conditions for a wide class of gerbes gen-
erated via the ∧d products of connections associated with 0-gerbes. The
resulting conjecture is that gerbes form a graded-commutative Grassmman
algebra like structure generated by -1- and 0-gerbes. 2-gerbes provide also
a beautiful topological characterization of space-time sheets as structures
carrying Chern-Simons charges at boundary components and the 2-gerbe
variant of Bohm-Aharonov effect occurs for perhaps the most interesting
asymptotic solutions of field equations especially relevant for anyonics sys-
tems, quantum Hall effect, and living matter [C1].

2 What gerbes roughly are?

Very roughly and differential geometrically, gerbes can be regarded as a
generalization of connection. Instead of connection 1-form (0-gerbe) one
considers a connection n+1-form defining n-gerbe. The curvature of n-gerbe
is closed n+2-form and its integral defines an analog of magnetic charge. The
notion of holonomy generalizes: instead of integrating n-gerbe connection
over curve one integrates its connection form over n+1-dimensional closed
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surface and can transform it to the analog of magnetic flux.
There are some puzzling features associated with gerbes. Ordinary U(1)-

bundles are defined in terms of open sets Uα with gauge transformations
gαβ = g−1

βα defined in Uα ∩Uβ relating the connection forms in the patch Uα

to that in patch Uβ. The 3-cocycle condition

gαβgβγgγα = 1 (1)

makes it possible to glue the patches to a bundle structure.
In the case of 1-gerbes the transition functions are replaced with the

transition functions gαβγ = g−1
γβα defined in triple intersections Uα ∩Uβ ∩Uγ

and 3-cocycle must be replaced with 4-cocycle:

gαβγgβγδgγδαgδαβ = 1 . (2)

The generalizations of these conditions to n-gerbes is obvious.
In the case of 2-intersections one can build a bundle structure naturally

but in the case of 3-intersections this is not possible. Hence the geomet-
ric interpretation of the higher gerbes is far from obvious. One possible
interpretation of non-trivial 1-gerbe is as an obstruction for lifting projec-
tive bundles with fiber space CPn to vector bundles with fiber space Cn+1

[1]. This involves the lifting of the holomorphic transition functions gα de-
fined in the projective linear group PGL(n + 1, C) to GL(n + 1, C). When
the 3-cocycle condition for the lifted transition functions gαβ fails it can be
replaced with 4-cocycle and one obtains 1-gerbe.

3 Ideas about gerbes inspired by TGD

Gerbes seem to be interesting also from the point of view of TGD, and TGD
approach allows a geometric interpretation of the cocycle conditions for a
rather wide class of gerbes.

3.1 How do 2-gerbes emerge in TGD?

Recall that the Kähler form J of CP2 defines a non-trivial magnetically
charged and self-dual U(1)-connection A (see the Appendix of [TGD] or
[2]). The Chern-Simons form ω = A ∧ J = A ∧ dA having CP2 Abelian
instanton density J ∧ J as its curvature form and can thus be regarded as a
3-connection form of a 2-gerbe. This 2-gerbe is induced by 0-gerbe.
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The coordinate patches Uα are same as for U(1) connection. In the
transition between patches A and ω transform as

A → A + dφ ,

ω → ω + dA2 ,

A2 = φ ∧ J .

(3)

The transformation formula is induced by the transformation formula for
U(1) bundle. Somewhat mysteriously, there is no need to define anything
in the intersections of Uα in the recent case.

The connection form of the 2-gerbe can be regarded as a second ∧d power
of Kähler connection:

A3 ≡ A ∧ dA . (4)

The generalization of this observation allows to develop a different view
about n-gerbes generated as ∧d products of 0-gerbes.

3.2 The hierarchy of gerbes generated by 0-gerbes

Consider a collection of U(1) connections Ai). They generate entire hierarchy
of gerbe-connections via the ∧d product

A3 = A1)
∧ dA2) (5)

defining 2-gerbe having a closed curvature 4-form

F4 = dA1)
∧ dA2) . (6)

∧d product is commutative apart from a gauge transformation and the cur-
vature forms of A1)

∧ dA2) and A2)
∧ dA1) are the same.

Quite generally, the connections Am of m − 1 gerbe and An of n − 1-
gerbe define m + n + 1 connection form and the closed curvature form of
m + n-gerbe as

Am+n+1 = A1)
m ∧ dA2)

n ,

Fm+n+2 = dA1)
m ∧ dA2)

n . (7)
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The sequence of gerbes extends up to n = D − 2, where D is the dimension
of the underlying manifold. These gerbes are not the most general ones since
one starts from 0-gerbes. One can of course start from n > 0-gerbes too.

The generalization of the ∧d product to the non-Abelian situation is not
obvious. The problems stem from the that the Lie-algebra valued connection
forms A1) and A2) appearing in the covariant version D = d + A do not
commute.

3.3 How to understand the replacement of 3-cycles with n-

cycles?

If n-gerbes are generated from 0-gerbes it is possible to understand how the
intersections of the open sets emerge. Consider the product of 0-gerbes as
the simplest possible case. The crucial observation is that the coverings Uα

for A1) and Vβ for A2) need not be same (for CP2 this was the case). One can
form a new covering consisting of sets Uα∩Vα1

. Just by increasing the index
range one can replace V with U and one has covering by Uα ∩ Uα1

≡ Uαα1
.

The transition functions are defined in the intersections Uαα1
∩ Uββ1

≡

Uαα1ββ1
and cocycle conditions must be formulated using instead of intersec-

tions Uαβγ the intersections Uαα1ββ1γγ1
. Hence the transition functions can

be written as gαα1ββ1
and the 3-cocycle are replaced with 5-cocycle condi-

tions since the minimal cocycle corresponds to a sequence of 6 steps instead
of 4:

Uαα1ββ1
→ Uα1ββ1γ → Uββ1γγ1

→ Uβ1γγ1α → Uγγ1αα1
.

The emergence of higher co-cycles is thus forced by the modification of the
bundle covering necessary when gerbe is formed as a product of lower gerbes.
The conjecture is that any even gerbe is expressible as a product of 0-gerbes.

An interesting application of the product structure is at the level of con-
figuration space of 3-surfaces (”world of classical worlds”). The Kähler form
of the configuration space defines a connection 1-form and this generates
infinite hierarchy of connection 2n + 1-forms associated with 2n-gerbes.

3.4 Gerbes as graded-commutative algebra: can one express

all gerbes as products of −1 and 0-gerbes?

If one starts from, say 1-gerbes, the previous argument providing a geometric
understanding of gerbes is not applicable as such. One might however hope
that it is possible to represent the connection 2-form of any 1-gerbe as a ∧d
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product of a connection 0-form φ of ”-1”-gerbe and connection 1-form A of
0-gerbe:

A2 = φdA ≡ A ∧ dφ ,

with different coverings for φ and A. The interpretation as an obstruction
for the modification of the underlying bundle structure is consistent with
this interpretation.

The notion of −1-gerbe is not well-defined unless one can define the no-
tion of −1 form precisely. The simplest possibility that 0-form transforms
trivially in the change of patch is not consistent. One could identify con-
travariant n-tensors as −n-forms and d for them as divergence and d2 as
the antisymmetrized double divergence giving zero. φ would change in a
gauge transformation by a divergence of a vector field. The integral of a
divergence over closed M vanishes identically so that if the integral of φ

over M is non-vanishing it corresponds to a non-trivial 0-connection. This
interpretation of course requires the introduction of metric.

The requirement that the minimal intersections of the patches for 1-
gerbes are of form Uαβγ would be achieved if the intersections patches can
be restricted to the intersections Uαβγ defined by Uα∩Vγ and Uβ∩Vγ (instead
of Uβ ∩ Vδ), where the patches Vγ would be most naturally associated with
−1-gerbe. It is not clear why one could make this restriction. The general
conjecture is that any gerbe decomposes into a multiple ∧d product of −1
and 0-gerbes just like integers decompose into primes.

The ∧d product of two odd gerbes is anti-commutative so that there is
also an analogy with the decomposition of the physical state into fermions
and bosons, and gerbes for a graded-commutative super-algebra generaliz-
ing the Grassmann algebra of manifold to a Grassmann algebra of gerbe
structures for manifold.

4 The physical interpretation of 2-gerbes in TGD

framework

2-gerbes could provide some insight to how to characterize the topological
structure of the many-sheeted space-time [A1, D1].

a) The cohomology group H4 is obviously crucial in characterizing 2-
gerbe. In TGD framework many-sheetedness means that different space-
time sheets with induced metric having Minkowski signature are separated
by elementary particle horizons which are light like 3-surfaces at which the
induced metric becomes degenerate [A3]. Also the time orientation of the
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space-time sheet can change at these surfaces since the determinant of the
induced metric vanishes.

This justifies the term elementary particle horizon and also the idea
that one should treat different space-time sheets as generating indepen-
dent direct summands in the homology group of the space-time surface:
as if the space-time sheets not connected by join along boundaries bonds
were disjoint. Thus the homology group H4 and 2-gerbes defining instanton
numbers would become important topological characteristics of the many-
sheeted space-time.

b) The asymptotic behavior of the general solutions of field equations
can be classified by the dimension D of the CP2 projection of the space-
time sheet [A3]. For D = 4 the instanton density defining the curvature
form of 2-gerbe is non-vanishing and instanton number defines a topological
charge. Also the values of the Chern-Simons invariants associated with the
boundary components of the space-time sheet define topological quantum
numbers characterizing the space-time sheet and their sum equals to the
instanton charge. CP2 type extremals represent a basic example of this
kind of situation. From the physical view point D = 4 asymptotic solutions
correspond to what might be regarded chaotic phase for the flow lines of
the Kähler magnetic field. Kähler current vanishes so that empty space
Maxwell’s equations are satisfied.

c) For D = 3 situation is more subtle when boundaries are present so that
the higher-dimensional analog of Aharonov-Bohm effect becomes possible.
In this case instanton density vanishes but the Chern-Simons invariants
associated with the boundary components can be non-vanishing. Their sum
obviously vanishes. The space-time sheet can be said to be a neutral C-S
multipole. Separate space-time sheets can become connected by join along
boundaries bonds in a quantum jump replacing a space-time surface with a
new one. This means that the cohomology group H4 as well as instanton
charges and C-S charges of the system change.

Concerning the asymptotic dynamics of the Kähler magnetic field, D =
3 phase corresponds to an extremely complex but highly organized phase
serving as an excellent candidate for the modelling of living matter. Both the
TGD based description of anyons and quantum Hall effect and the model
for topological quantum computation based on the braiding of magnetic
flux tubes rely heavily on the properties D = 3 phase (see the chapter
”Topological Quantum Computation in TGD Universe” of [cbookI]).

The non-vanishing of the C-S form implies that the flow lines of the
Kähler magnetic are highly entangled and have as an analog mixing hy-
drodynamical flow. In particular, one cannot define non-trivial order pa-
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rameters, say phase factors, which would be constant along the lines. The
interpretation in terms of broken super-conductivity suggests itself. Kähler
current can be non-vanishing so that there is no counterpart for this phase
at the level of Maxwell’s equations.
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